Facility location-allocation (FLA) problem has been widely studied by operational researchers due to its many practical applications. In real life, it is usually very hard to present the customers' demands in a precise way and thus they are estimated from historical data. Furthermore, researchers tried to describe FLA problem under stochastic environment. Although stochastic models can cater for a variety of cases, they are not sufficient to describe many other situations, where the probability distribution of customers' demands may be unknown or partially known. Instead we have to invite some domain experts to evaluate their belief degree that each event will occur. This paper will consider the capacitated FLA problem under small sample or no-sample cases and establish an uncertain expected value model based on uncertain measure. In order to solve this model, the simplex algorithm, Monte Karlo simulation and a genetic algorithm are integrated to produce a hybrid intelligent algorithm. Finally, a numerical example is presented to illustrate the uncertain model and the algorithm.
Introduction
Facility location-allocation (FLA) problem, as one of the most critical and strategic issues in supplychain design and management, exhibits a significant impact on market share and profitability. Besides supply-chain management, it is also widely used in practical life, such as building an emergency service systems and constructing a telecommunication networks, etc.
FLA problem was initially studied by Cooper [6] in 1963, and then Hakimi [14] [15] applied it in network design as a powerful tool. In 1982, Murtagh & Niwattisyawong [31] proposed the capacitated FLA problem, which is considered as one of the most important researches in this field, specially focusing on facilities which have capacity constraints. Meanwhile, considerable research has been carried out in the field of FLA theory (Badri [1] , Hodey et al [16] ). It is proved that the FLA problem is strongly NP-hard (Megiddo & Supowit [32] ), and thus a large amount of solution approaches for different models have been proposed in the past decades (Kuenne & Soland [17] , Murray & Church [30] ). A series of heuristic algorithms, including hybrid algorithms, have also been developed to solve complicated FLA problems. For instance, Ernst & Krishnamoorthy [10] combined the simulated annealing and random descent method, and Gong et al. [13] utilized the Lagrange relaxation method and genetic algorithm to approximate the optimal solutions.
A limitation of most existing studies on FLA problem is that customers' demands are usually assumed deterministic and therefore a linear inventory holding cost is adopted. Without consideration the uncertainty of customers' demands, those models usually lead to sub-optimal in terms of total cost. In recent years, some studies consider stochastic customer demand and incorporate inventory policy into FLA problem (see Logendran & Terrell [18] , Sabri & Beamon [34] , Zhou & Liu [37] [40]). Although stochastic models can cater for a variety of cases, they are not sufficient to describe many other situations, where the probability distribution of customers demands may be unknown or partially known. In order to have an approximate understanding of these cases, we usually consult the experts and obtain their empirical data. The empirical data from experts, like about 100, more than 200, etc., can be regarded as fuzzy variable initialized by Zadeh [38] . In the past decades many researchers have introduced fuzzy theory into FLA problem (Bhattacharya et al [2] , Chen & Wei [4] , Darzentas [8] , Zhou & Liu [41] [42], Wen & Iwamura [36] ).
However, a lot of surveys showed that this assumption is also not suitable. For example, we say the customer's demand is about 100. Generally, we employ fuzzy variable to describe the concept of "about 100", then there exists a membership function, such as a triangular one (90, 100, 110). Based on this membership function, possibility theory will conclude: (a) the demand is "exactly 100" with belief degree 1, and (b) the demand is "not 100" with belief degree 1. Obviously, the belief degree of "exactly 100" is almost zero. Besides, (b) indicates "not 100" and "exactly 100" have the same belief degree. These conclusions are improper. In order to have a better mathematical tool to deal with empirical data, uncertainty theory was founded by Liu [19] in 2007 and refined in 2010 [23] . As extensions of uncertainty theory, uncertain process and uncertain differential equations(Liu [20] ), uncertain calculus (Liu [21] ) were proposed. Uncertain programming was first proposed by Liu [22] in 2009, which wants to deal with the optimal problems involving uncertain variable. This work was followed by an uncertain multiobjective programming and an uncertain goal programming (Liu and Chen [25] ), and an uncertain multilevel programming (Liu & Yao [26] ). Since that, uncertainty theory was used to solve variety of real optimal problems, including finance (Chen & Liu [5] , Peng [33] , Liu [27] ), reliability analysis (Liu [24] , Zeng et al. [39] ), graph (Gao [11] , Gao & Gao [12] ), et al.
This paper is organized as follows. In Section 2, we give some basic concepts and conclusions on uncertainty theory. An uncertain capacitated facility location-allocation model is given as well the uncertainty distribution functions of the customers' demands are introduced in Section 3. In order to solve this uncertain model, we integrate the simplex algorithm, Monte Karlo simulation and genetic algorithm to design a powerful hybrid intelligent algorithm in Section 4. Finally, Section 5 provides a numerical example to illustrate the performance and the effectiveness of the proposed model and algorithm.
Preliminaries
Uncertainty theory was founded by Liu [19] in 2007 and refined by Liu [23] in 2010. Nowadays uncertainty theory has become a branch of axiomatic mathematics for modeling human uncertainty. In this section, we will state some basic concepts and results on uncertain variable and uncertain programming. These results are crucial for the remainder of this paper.
Let Γ be a nonempty set, and L a σ-algebra over Γ. Each element Λ ∈ L is assigned a number M{Λ} ∈ [0, 1]. In order to ensure that the number M{Λ} has certain mathematical properties, Liu [19] [21] presented the four axioms: Axiom 1. M{Γ} = 1 for the universal set Γ.
Axiom 2. M{Λ} + M{Λ
c } = 1 for any event Λ.
Axiom 3. For every countable sequence of events
Then the product uncertain measure M is an uncertain measure satisfying
If the set function M satisfies the first three axioms, it is called an uncertain measure.
Definition 1 (Liu [19] ) Let Γ be a nonempty set, L a σ-algebra over Γ, and M an uncertain measure. Then the triplet (Γ, L, M) is called an uncertainty space.
Uncertain Variable
Definition 2 (Liu [19] ) An uncertain variable is a measurable function ξ from an uncertainty space (Γ, L, M) to the set of real numbers, i.e., for any Borel set B of real numbers, the set
is an event.
Definition 3 (Liu [19] ) The uncertainty distribution Φ of an uncertain variable ξ is defined by
for any real number x.
Definition 4 (Liu [19] ) Let ξ be an uncertain variable. Then the expected value of ξ is defined by
Theorem 1 (Liu and Ha [28] ) Assume ξ 1 , ξ 2 , · · · , ξ n are independent uncertain variables with regular uncertainty distributions
is strictly increasing with respect to x 1 , x 2 , · · · , x m and strictly decreasing with respect to x m+1 , x m+2 , · · · , x n , then the uncertain variable
provided that E[ξ] exists.
Example 1 An uncertain variable ξ is called linear if it has a linear uncertain distribution
denoted by L(a, b) where a and b are real numbers with a < b.
Example 2 An uncertain variable ξ is called zigzag if it has a zigzag uncertainty distribution
denoted by Z(a, b, c) where a, b, c are real numbers with a < b < c.
Example 3 An uncertain variable ξ is called normal if it has a normal uncertainty distribution
denoted by N (e, σ) where e and σ are real numbers with σ > 0.
Definition 5 (Liu [21] ) The uncertain variables ξ 1 , ξ 2 , · · · , ξ n are said to be independent if
for any Borel sets B 1 , B 2 , · · · , B n .
Definition 6 (Liu [23] ) An uncertainty distribution Φ is said to be regular if its inverse function Φ −1 (α) exists and is unique for each α ∈ (0, 1).
Theorem 2 (Liu [23] ) Let ξ 1 , ξ 2 , · · · , ξ n be independent uncertain variables with regular uncertainty distributions Φ 1 , Φ 2 , · · · , Φ n , respectively. If f is a strictly increasing function, then
is an uncertain variable with inverse uncertainty distribution
Example 4 Let ξ be an uncertain variable with regular uncertainty distribution Φ. since f (x) = ax + b is a strictly increasing function for any constants a > 0 and b, the inverse uncertainty distribution of aξ + b is
Example 5 Let ξ 1 , ξ 2 , · · · , ξ n be independent uncertain variables with regular uncertainty distributions
is a strictly increasing function, the sum
Uncertain Programming
Uncertain programming, which was first proposed by Liu [22] in 2009, is a type of mathematical programming involving uncertain variables. After that, an uncertain multiobjective programming and an uncertain goal programming (Liu and Chen [25] ), and an uncertain multilevel programming (Liu & Yao [26] ) were provided.
Assume that x is a decision vector, and ξ is an uncertain vector. Since the uncertain programming model contains the uncertain objective function f (x, ξ) and uncertain constraints g j (x, ξ) ≤ 0, j = 1, 2, · · · , p, Liu [22] proposed the following uncertain programming model,
Definition 7 (Liu [23] ) A vector x is called a feasible solution to the uncertain programming model (15) if
Definition 8 (Liu [23] ) A feasible solution x * is called an optimal solution to the uncertain programming model (15) 
for any feasible solution x.
Theorem 3 (Liu [23] ) Assume f (x, ξ 1 , ξ 2 , · · · , ξ n ) is strictly increasing with respect to ξ 1 , ξ 2 , · · · , ξ m and strictly decreasing with respect to ξ m+1 , ξ m+2 , · · · , ξ n , and g j (x, ξ 1 , ξ 2 , · · · , ξ n ) are strictly increasing with respect to ξ 1 , ξ 2 , · · · , ξ k and strictly decreasing with respect to ξ k+1 , ξ k+2 , · · · , ξ n for j = 1, 2, · · · , p. If ξ 1 , ξ 2 , · · · , ξ n are independent uncertain variables with uncertainty distributions Φ 1 , Φ 2 , · · · , Φ n , respectively, then the uncertain programming
is equivalent to the crisp mathematical programming
subject to:
3 Uncertain Capacitated FLA Problem
The capacitated continuous FLA problem is to find the locations of n facilities in continuous space in order to serve customers at m fixed points as well as the allocation of each customer to the facilities so that total transportation costs are minimized. In order to model the capacitated FLA problem, firstly we make some assumptions:
1. Each facility has a limited capacity. Thus we need to select locations and decide the amount from each facility i to each customer j.
2.
The path between any customer and facility is connected and transportation cost is proportionate to the quantity supplied and the travel distance.
3. Facility i is assumed to be located within a certain region R i = {(x i , y i )|g i (x i , y i ) ≤ 0}, i = 1, 2, . . . , n, respectively.
As we know, when we use probability or statistics to build models, a large amount of historical data is needed. However, in most case the sample size is too small (even no-sample) to estimate a probability distribution. Then we have to invite some domain experts to evaluate their belief degree that each event will occur. This provides a motivation for Liu [19] to found an uncertainty theory. Then we will give the symbols and notations as follows: i = 1, 2, . . . , n is the index of facilities; j = 1, 2, . . . , m is the index of customers; (a j , b j ) denotes the location of customer j, 1 ≤ j ≤ m; ξ j is the uncertain demand of customer j, 1 ≤ j ≤ m; Φ j is the uncertainty distribution of ξ j , 1 ≤ j ≤ m; s i is the capacity of facility i, 1 ≤ i ≤ n; (x i , y i ) is the decision variable which represents the location of facility i, 1 ≤ i ≤ n; z ij denotes the quantity supplied by facility i to customerj, 1 ≤ i ≤ n, 1 ≤ j ≤ m.
For convenience, we also write
Then we can give the uncertain transportation cost with the best allocation z,
If Z(ξ) is an empty set for some ξ, we can define
Uncertainty Distributions of Customers' Demands
Liu [23] proposed a questionnaire survey for collecting expert's experimental data. It is based on expert's experimental data rather than historical data. The starting point is to invite one exert who are asked to complete a questionnaire about the meaning of an uncertain demand ξ like "How many is the customer's demand". We first ask the domain expert to choose a possible value x that the uncertain demand ξ may take, and then quiz him "How likely is ξ less than or equal to x?" Denote the expert's belief degree by α. An expert's experimental data (x, α) thus acquired from the domain expert.
Repeating the above process, we can obtain the following expert's experimental data
that meet the following consistence condition (perhaps after a rearrangement)
Based on those expert's experimental data, Liu [23] suggested an empirical uncertainty distribution,
Assume there are m domain experts and each produces an uncertainty distribution. Then we may get m uncertainty distributions Φ 1 (x), Φ 2 (x), · · · , Φ m (x). The Delphi method was originally developed in the 1950s by the RAND Corporation based on the assumption that group experience is more valid than individual experience. Wang et al. [35] recast the Delphi method as a process to determine the uncertainty distribution. The main steps are listed as follows:
Step 1: The m domain experts provide their expert's experimental data,
Step 2: Use the i-th expert's experimental data (x i1 , α i1 ), (x i2 , α i2 ), · · · , (x ini , α ini ) to generate the i-th expert's uncertainty distribution Φ i .
Step 3:
where w 1 , w 2 , · · · , w m are convex combination coefficients.
Step 4: If |α ij − Φ(x ij )| are less than a given level ε > 0, then go to Step 5. Otherwise, the i-th expert receives the summary (Φ and reasons), and then provides a set of revised expert's experimental data. Go to Step 2.
Step 5: The last Φ is the customer's uncertainty distribution.
Uncertain Expected Value Model
The essential idea of the expected cost minimization model is to optimize the expected value of C(x, y, ξ) subject to some expected constraint. Zhou and Liu [40] has formulated the expected cost minimization model under stochastic demands. Here we shall give the model with uncertain environment as follows:
subject to :
where g i (x, y) ≤ 0, i = 1, 2, . . . , p, are the potential regions of locations of new facilities.
Since the uncertain transportation cost C(x, y, ξ) is strictly increasing with respect to ξ 1 , ξ 2 , · · · , ξ m , the uncertain capacitated FLA model is equivalent to
The model is different from traditional programming models because there is a sub-optimal problem in it, i.e.,
This sub-optimal problem can be easily solved by simplex algorithm because it is a linear programming.
Hybrid Intelligent Algorithm
Generally speaking, uncertain programming models are difficult to solve by traditional methods due to its complexity. Moreover the FlA problem has been proved to be NP-hard (Megiddo & Supowit [32] ). Heuristic methods have been shown to be the best way to tackle larger NP-hard problems. Modern heuristics such as simulated annealing, tabu search, genetic algorithms (GA), variable neighborhood search, and ant systems increase the chance of avoiding local optimality. In this paper, we use GA which was showed useful and effective in solving engineering design and optimization problems by numerous experiments to compute the FLA problem. And we use simplex algorithm to solve the sub-optimal problem (20) in uncertain expected value model. In this paper, we integrate the simplex algorithm, Monte Karlo simulation and genetic algorithm to produce a hybrid intelligent algorithm for solving the uncertain FLA model. We describe the algorithm as the following procedure:
Step 1. From the potential region {(x, y)|g i (x, y) ≤ 0, i = 1, 2, . . . , n}, initialize pop size chromosomes
. . , pop size, which denote the locations of all the facilities.
Step 2. Calculate the objective values U k for all chromosomes V k , k = 1, 2, . . . , pop size by Monte Karlo simulation to (20) and (21), where the simplex algorithm is used to solve (28) to get the optimal cost C(x, y, Φ −1
Step 3. Compute the fitness of all chromosomes V k , k = 1, 2, . . . , pop size. The rank-based evaluation function is defined as
where the chromosomes V 1 , V 2 , . . . , V pop size are assumed to have been rearranged from good to bad according to their objective values U k and β ∈ (0, 1) is a parameter in the genetic system.
Step 4. Select the chromosomes for a new population. The selection process is based on spinning the roulette wheel characterized by the fitness of all chromosomes for pop size times, and each time we select a single chromosome. Thus we obtain pop size chromosomes, denoted also by V k , k = 1, 2, . . . , pop size.
Step 5. Renew the chromosomes V k , k = 1, 2, . . . , pop size by crossover operation. We define a parameter P c of a genetic system as the probability of crossover. This probability gives us the expected number P c · pop size chromosomes undergoing the crossover operation.
Step 6. Update the chromosomes V k , k = 1, 2, . . . , pop size by mutation operation. The parameter P m is the probability of mutation, which gives us the expected number of P m · pop size chromosomes undergoing the mutation operations.
Step 7. Repeat the second to the sixth steps for a given number of cycles.
Step 8. Report the best chromosome V * = (x * , y * ) as the optimal locations. Table 1 . The capacities s i of the four facilities are 100, 110, 120 and 130, respectively. In this example, the expected value model (27) can be write as
A Numerical Example
where
subject to : 
In order to solve the model (31), the hybrid intelligent algorithm has been run with 5000 cycles in Monte Karlo simulation and 1000 generations in GA.
In Table 2 , we compare solutions with different number of chromosomes pop size, different probability of crossover P c and different probability of mutation P m taken with the same stopping rule. It appears that all the minimal costs differ little from each other. The percent error of the last column can be expressed by (actual value -optimal value)/optimal value ×100%, where optimal value is the least one of all the ten minimal costs. It follows from Table 2 that the percent error does not exceed 1.6% when different parameters are selected, which implies that the hybrid intelligent algorithm is robust to the parameter settings and effective to solve the model (26) .
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Conclusion
In this paper, we have contributed to the research area of the FLA problem in the following three aspects.
(i) The expected value FLA model was proposed under uncertain environment, which can be converted to a crisp mathematical programming;
(ii) To solve the models efficiently, we integrated the simplex algorithm, Monte Karlo simulation and genetic algorithm to produce a hybrid intelligent algorithm.
(iii) A numerical example was provided to illustrate the expected value model and the performance of the hybrid intelligent algorithm. The computational results of the numerical experiments imply that the proposed algorithm is robust to the parameter settings of the genetic algorithm and effective to solve the expected value model. 
